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Abstract. We show that a Laplace isospectral family of two dimensional 
Riemannian orbifolds, sharing a lower bound on sectional curvature, contains 
orbifolds of only a finite number of orbifold category diffcomorphism types. 
We also show that orbifolds of only finitely many orbifold diffcomorphism 
types may arise in any collection of 2-orbifolds satisfying lower bounds on sec- 
tional curvature and volume, and an upper bound on diameter. An argument 
converting spectral data to geometric bounds shows that the first result is a 
consequence of the second. 
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1. Introduction 

The fact that the Laplace spectrum of a compact Riemannian manifold does not 
determine its geometry became popularly known with the 1992 announcement by 
Gordon, Webb and Wolpert [TU] that "One cannot hear the shape of the drum." 
Determining the information that the Laplace spectrum of a manifold does contain 
about the geometry or topology of that manifold has been a productive endeavor 
for many decades. One way to approach this question is to quantify the similarities 
shared by manifolds with a given spectrum. For example, Osgood, Phillips and 
Sarnak showed that the spectrum of a closed surface determines the metric 
of the surface up to a family of metrics which are compact in the C°°-topology. 
In the presence of a uniform lower bound on sectional curvature. Brooks, Perry 
and Petersen [2] showed that isospectral sets of compact Riemannian manifolds, of 
dimension different than four, are finite up to diffcomorphism type. 
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In this paper we extend the result of Brooks, Perry and Petersen mentioned 
above to the category of two dimensional Riemannian orbifolds. We prove the 
following theorem for compact, closed Riemannian 2-orbifolds: 

Main Theorem 1: For a fixed real number k, let 5(2, k) denote the set of isospec- 
tral Riemannian 2-orbifolds with sectional curvature uniformly bounded below by k. 
The collection S{2, k) contains orbifolds of only finitely many orbifold diffeomor- 
phism types. 

In the process of obtaining this first theorem we prove a more general finiteness 
theorem with geometric bounds rather than spectral ones. In particular we obtain 
the following result for compact, closed Riemannian 2-orbifolds: 

Main Theorem 2: For D > Q, v > Q and k fixed real numbers, let 0'^^'^{2) denote 
the set of Riemannian 2-orbifolds with sectional curvature uniformly bounded below 
by k, diameter bounded above by D, and volume bounded below by v. The collection 
^k^'v (^) contains orbifolds of only finitely many orbifold diffeomorphism types. 

The notation 0'i!.^'^{2) follows that in [8]. By adding and deleting bounds, this 
notation can be used to express related statements. For example, to formulate 
an orbifold analogue of the Cheeger finiteness theorem [5] one would add an up- 
per bound K on sectional curvature and consider the set of n-orbifolds denoted 



An orbifold is a mild generalization of a manifold obtained by allowing coordinate 
patches to be modeled on K" modulo the action of a finite group. Orbifolds first 
arose as objects of study in algebraic geometry over a century ago. Satake's [16] 
formulation of orbifolds in the language of differential geometry, under the name 
of y-manifold, appeared in 1956. Later Thurston [19j popularized ^-manifolds 
among topologists and differential geometers under the name "orbifolds." Recently, 
interest in orbifolds has risen markedly due to their use in string theory (see [1] 
for example). This paper contributes to a new and expanding literature in the 
spectral geometry of Riemannian orbifolds. For a concise survey of this literature 
the authors recommend the introduction to [7]. 

We begin with a review of orbifold structures in Section [2l In Section [3] we 
show how the geometric bounds on Oj.'^|^'(2) imply finiteness for two aspects of 
the topology of an orbifold's singular set. An application of Perelman's Stability 
Theorem in Section [5] shows that the underlying space of an orbifold in C'^'^|^'(2) 
has one of only finitely many homcomorphism types. These controls on the singular 
set and the underlying space of an orbifold in O]!^'^ (2) are combined to prove Main 
Theorem 2 in Section [5l Main Theorem 1 then follows from a short argument, 
recalled from [TF, which shows that 5(2, k) is a subset of O^.'^^^' (2). 

1.1. Acknowledgments. We thank Carolyn Gordon and David Webb for helpful 
discussions. We also thank Peter Storm for a suggestion that clarified the proof of 
Proposition [131 
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2. Orbifold background 

In this section we detail the orbifold related definitions and notation that are 
used in what follows. 

2.1. Definition of a Riemannian orbifold. Just as a manifold is a topological 
space which locally has the structure of M" , an orbifold is a topological space which 
locally has the structure of R" modulo the action of a finite group. We have the 
following, which is a direct generalization of the definition of a manifold chart. 

Definition 2.1. Let Xq be a second countable Hausdorff topological space. Given 
an open set U contained in Xq, an orbifold chart over J7 is a triple (?7, Fj/, tt^) 
such that: 

(1) [/ is a connected open subset of M", 

(2) Tu is a finite group which acts on U by diffeomorphisms, 

(3) TT^/ : [/ — > f7 is a continuous map such that -kjj 07 = -kjj for all 7 e Tu and 
which induces a homeomorphism from U/Tjj to U. 

As with manifolds, we cover the space Xq with orbifold charts subject to a 
suitable compatibility condition (see page 2 in |1J). A smooth orbifold O is the 
topological space Xq together with a maximal atlas of orbifold charts. The topo- 
logical space Xq is called the underlying space of the orbifold. 

We note that if a group F acts properly discontinuously on a manifold M, then 
the quotient space M /F is an orbifold. Any orbifold which can be realized as a 
quotient of a group action on a manifold in this way is called a 1700^ orbifold. 
Otherwise, the orbifold is called a bad orbifold. 

A Riemannian structure on an orbifold is defined by endowing the local cover 
U of each orbifold chart (U,Tij,Trij) with a F[/-invariant Riemannian metric. By 
patching these local metrics together with a partition of unity we obtain a Rie- 
mannian orbifold. 

2.2. Local structures on Riemannian orbifolds. Let p be a point in an orbifold 
O and take {U, Tu, nu) an orbifold chart over a neighborhood U of p. If a point p in 
'^u^{p) has nontrivial isotropy, we say that p is a singular point. The isomorphism 
class of the isotropy group of p is independent of both choice of element of Tr^^(p) 
and choice of orbifold chart about p. This isomorphism class is called the isotropy 
type of p. As in ^ , we call a chart about p in a Riemannian orbifold a distinguished 
chart of radius r if [/ is a convex geodesic ball of radius r centered at point p with 
TTfj (p) = p. In this situation the isotropy type of p is the isomorphism class of the 
group coming from the chart, Tu. 

We denote the tangent bundle of an orbifold O by TO. Here we shall simply 
recall the structure of a fiber of TO over point p ^ O, but refer the interested 
reader to |17j for more details. Take (U ,Tu ,Tru) a distinguished chart about p and 
let 7 G Tu. The differential of 7 at p acts on TpU. Let Tu*p denote the set of all 
such differentials. The fiber of TO over p, denoted TpO, is defined to be TpU /Tjj^^p. 
Fiber TpO is independent of choice of orbifold chart and is called the tangent cone 
to O at p. When O is a Riemannian orbifold, the set of unit vectors in TpO is called 
the unit tangent cone to O at p and is denoted SpO. 
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The tangent cone at a point in an orbifold need not be a vector space. One con- 
sequence of this for Riemannian orbifolds is that the measure of the angle between 
vectors in a tangent cone needs a careful definition. 

Definition 2.2. Let p be a point in a Riemannian orbifold that lies in an orbifold 
chart {U ,T{j,nif). Take point p G n^^{p). Let nij^p denote the differential of nu 
at p. For vectors v and w in TpO, let vi,V2, ■ ■ ■ ,Vr denote the elements of the set 
{Tru*p)~^{v), and wi,W2, .. .,Ws denote the elements of the set {Tru*p)~^iw). The 
angle between v and w in TpO is defined to be 

/l{v,w) = min {Z{vi,Wj)}. 

i— l,2...,r 
i=l,2...,s 

Finally, we are able to discuss curvature on a Riemannian orbifold by using local 
manifold covers. We say that a Riemannian orbifold has sectional (resp. Ricci) 
curvature bounded below by k if each point in the orbifold can be locally covered 
by a manifold with sectional (resp. Ricci) curvature bounded below by k. 

2.3. Global structures on Riemannian orbifolds. We give a length space 
structure to a Riemannian orbifold using the distance function, 

d{p, q) = inf{Length(c) : c is a continuous curve from p to q). 

When an orbifold O is complete with respect to this metric, any two points in O 
can be joined by a curve that achieves the distance between them. Such a curve, 
parametrized with respect to arclength, is called a segment in O. Details on these 
ideas are given in [?]. 

Smooth functions on an orbifold, as well as the Laplace operator acting on those 
functions, are described in [6]. For compact Riemannian orbifolds, by [6] and [7], 
the eigenvalue spectrum of the Laplace operator is a discrete set of positive real 
numbers, tending to infinity. Two orbifolds are said to be isospectral if they have 
the same eigenvalue spectrum. 

Remark 2.3. Chiang's original proof that the eigenvalue spectrum is a discrete set 
tending to infinity is based on Satake's original definition of ^-manifold, for which 
the singular set has codimension at least 2. An orbifold is a slight generalization of 
the notion of a V- manifold which has no restriction on the singular set. Chiang's 
proof is extended in [7] to include all compact Riemannian orbifolds. At the time 
that [H] was published, only Chiang's result was known and hence many of the 
results in [18] appear to depend on the codimension > 2 condition, though in 
fact, they do not. We use some of these results from [TS] in Sections [3] and O 
below. However, for this paper we state them using the most general definition of 
a Riemannian orbifold. 

2.4. Smooth maps betvireen orbifolds. We now generalize the notion of a dif- 
feomorphism of manifolds to the orbifold setting. An orbifold diffeomorphism rep- 
resents an equivalence of the smooth orbifold structure as well as of the underlying 
topological space. 

The two definitions below come from [1] . 

Definition 2.4. Let Oi and O2 be orbifolds. A smooth orbifold map / : Oi ^ O2 
consists of a continuous map from Xq^ to Xq^ such that for any a; e Oi there 
are orbifold charts {U,ru,Tru) over neighborhood U oi x and {V,Tv,'n'v) over 
neighborhood V of f{x) such that: 
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(2) there exists a smooth hft / of / carrying U to V for which Try o / = f ottu- 

Definition 2.5. Orbifolds Oi and O2 are diffeoniorphic if there exist smooth orb- 
ifold maps / : Oi ^ O2 and g : O2 ^ Oi such that fog— I02 a-i^d g ° f = loi ■ 

Remark 2.6. The hterature contains several different definitions of maps between 
orbifolds. Although maps given by Definition l2.4l are weak in the sense that they be- 
have poorly with respect to bundles, they suffice for the present discussion. In par- 
ticular, effective orbifolds which are diffeomorphic via Definition 12.51 have strongly 
diffeomorphic groupoid presentations. 



3. Bounds on the singular set of a 2-orbifold 

Singular points in a smooth 2-orbifold have one of only three possible forms. A 
cone point is locally modeled on a disk in the plane modulo the action of a cyclic 
group of rotations, a mirror point is modeled on a disk modulo a refiection, and a 
dihedral point is modeled on a disk modulo the action of a dihedral group. 

There are also only three forms that a connected component of the singular set 
of a compact 2-orbifold without boundary can take. If the underlying space of the 
2-orbifold is a surface without boundary, the only singular points are isolated cone 
points. When the underlying space has non-empty boundary, each component of 
its boundary is circular. These circles do not form an orbifold boundary, however, 
because they are either reflector circles, made up entirely of mirror points, or reflec- 
tor crowns, which consist of a flnite number of dihedral points linked together by 
continua of mirror points. Thus, when the underlying space of a compact 2-orbifold 
has boundary, the connected components of its singular set are some combination 
of cone points, mirror circles and reflector crowns. For further details, see Section 
13.3 in plj. 

In this section we establish a universal upper bound on the number of connected 
components of the singular set of any orbifold in C'j:^^,'(2). In addition we prove 
that the number of dihedral points in an orbifold in 0'il^'^{2) is universally bounded 
above. These controls, combined results from Section [3] and [T^, will be used in 
Section [5] to prove the two main theorems of this paper. 

We begin with two technical lemmas. Suppose that K is a. compact subset of 
complete Riemannian orbifold O. For p G O, let C SpO denote the set of initial 
velocity vectors of segments running from p to K. We call ()pK the set of directions 
from p to K. Also, given a subset o of the unit n-sphere 5*", we define 

a{e) = {w G 5" : Z{a,v) < 6}. 

Lemma 3.1. Let O £ ^k^vi^) and p,q £ O. Then there exist a G (0, f ) and 
r > such that if 

i'pg(f + a) = SpO, and X)qp{^ + a) = SqO, 
then d{p, q) > r. The constants a and r depend only on k, D, v and n. 
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Proof. The statement of this lemma is precisely that of Lemma 8.2 in il8j , using the 
more general definition of an orbifold (see Remark [2.3|) and without the requirement 
that O have only isolated singularities. The assumption about isolated singularities 
is never used in the proof given in ^ISj , so the result holds for orbifolds with general 
singularities as well. □ 

The second technical lemma shows that, for r > 0, there is a universal upper 
bound on the size of a set of pairwise > r-apart points in O G 0'fl^'^{n). We recall 
that a minimal e-net is an ordered set of points pi, . . . ,pn in a metric space such 
that the open balls B{pi, e) cover the metric space, but the open balls B{pi, |) are 
pairwise disjoint. When the metric space is compact and connected, it is known 
that one can find a minimal e-net in that space for any e > 0. 

Lemma 3.2. Suppose that O is an n-dimensional orbifold with diameter bounded 
above by D > and Ricci curvature greater than or equal to {n — l)k. Also suppose 
that {pi,p2, ■ ■ ■ ,P'm} is a set of points in O for which d{pi,pj) > r > with i,j — 
1, 2, . . . , m, i ^ j ■ Then there is a constant C{r, k, D, n) such that m < C . 

Proof. Let {xi^X2, ■ ■ ■ ,xn} be a minimal ^-net in O. Without loss of generality 
assume B{xi, |) has the minimal volume among all of the |-balls about points in 
this net. Because the |-balls are disjoint, 

N 

N\o\B{xi,l) < ^VolB(xi,f) < VolO. 
i=i 

Thus VolS(xi, I) < YolO/N. 

Recall for p g O and < s < 5, the Relative Volume Comparison Theorem for 
orbifolds in 4 implies, 

Voli3(p,^) ^ Vol B^^jS) 
^ ' YolB{p,s) - VolB^(s) 

where B'^{r) denotes the geodesic ball of radius r in the simply connected n- 
dimensional space form of constant curvature k. Now apply line ([1]) with p = xi^ 
s = I and S* = D. This yields 

Yo\B{x,,D) ^ Yo\B^^{D) 
^ ^ Voli?(.Ti,|) - VolS,"(|) • 

Using \o\B{xi,D) = VolO and VolS(xi,r/4) < VolO/7V we find that line © 
becomes 

^- VolS,"(i) 

yielding a universal upper bound on the number of elements in the minimal ^-net. 

Because each pair of points in {pi,p2, • ■ ■ ,Pm} are at least a distance r apart 
from each other, there can be at most one of these points per open ^-ball. Thus 
the bound on the number of elements in our minimal ^-net is also a bound on m. 
In particular we have m < N < C{r, fc, D,v). □ 

Proposition 3.3. There is a universal upper bound on the number of connected 
components of the singular set of an orbifold in C'j:^^ (2). 
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Proof. Let O e Ofc'^;(2). The desired upper bound is the sum of upper bounds 
Be on the number of cone points in O, Bji on the number of reflector crowns in 
O, and Em on the number of mirror circles in O. We derive each of these bounds 
and confirm that each depends only on k, D and v. 

The proof of the existence of the upper bound Be is the same as the proof of a 
similar bound in Proposition 8.3 of [18j . The bound is achieved by showing that if 
p and q are any two cone points in an orbifold in £'^'^^'(2), then since the isotropy 
groups of p and q are cyclic, it must be the case that there exists a G (0, ^) such 
that tipg(f + a) — SpO and ^qp{^ + a) — SqO. By Lemma I5TT] we conclude that p 
and q are at least a distance r apart from each other. An application of Lemma 13.21 
implies that there is a universal constant Be bounding the number of cone points 
m an orbifold in 0^'^;(2). 

Essentially the same argument can be used to obtain the bound Bji on the 
number of reflector crowns. In this case, we know that there must be at least one 
dihedral point per crown so we show there is a universal bound, Bu, on the number 
of dihedral points in an orbifold in 0^'^^'(2). We first note that the isotropy group 
r of any dihedral point contains a cyclic subgroup and then follow the argument 
for the cone point case. 

Obtaining the bound Bm on the number of mirror circles in O is a bit more 
subtle. To begin, list the mirror circles in O as S*!, 5*2, ... , Sm- For 1 < j < m, 
let qj be a point on mirror circle Sj . Mirror circles in O are non- intersecting since 
any point of intersection would fail to have one of the three singular structures 
mentioned above. Thus the set Q — {gi, q2, . . . , qm] contains m distinct points. As 
in the other two cases, we will show that any two points in Q are a distance greater 
than or equal to r apart and apply Lemma 13.21 to obtain the required bound. 

Suppose Si and Sj are distinct mirror circles in O. The distance between these 
circles, d{Si^ Sj), is the infimum of the distance function (see Section [2T3|) restricted 
to Si X Sj. We will show that there is an r > for which d{Si,Sj) > r, and 
in so doing conclude that points in set Q are pairwise greater than or equal to r 
apart. Begin by observing that because Si x Sj is compact, we can take {pi,Pj) G 
Si X Sj an ordered pair for which d{pi,pj) = d{Si, Sj). Also, because Si and Sj are 
nonintersecting closed sets, d{Si, Sj) > 0. Let 7 be the segment of length d{pi,pj) 
running from pi to pj . 

We claim that the segment 7 is perpendicular to mirror circle Si at pi and 
to mirror circle Sj at pj. Take a distinguished coordinate chart (U ,T{j,ttu) for 
neighborhood U about pi such that U is an open neighborhood of the origin in M^, 
T^ui^) = Pi: a-iid Tu = {id, p} where id is the identity map on U and p is reflection 
of U across the y-axis. By Proposition 15 in |4j, there exists a point z in U that 
lies on 7 but does not lie on the mirror edge of U. This means tt^ (z) — {zi,Z2} 
with zi and Z2 distinct in U and p{zi) = z^. Let 71 be the lift of 7 that connects 
and z\. Because 7 minimizes the distance from Si to Sj, segment 71 achieves 
the minimal distance from z\ to the y-axis in [/. Observing that the y-axis is a 
submanifold of I] , we see that 71 is orthogonal to the y-axis at 0. We conclude that 
7 is perpendicular to mirror circle 5"^ at pi. The argument for pj on Sj is similar. 

Now Sp.pj C Sp^O contains the initial tangent vector to 7. Because 7 is perpen- 
dicular to the mirror circle Si at pi, this initial vector lifts to two antipodal vectors in 
SqU . Thus no matter the value of a > from Lemma |3.1[ the fact that a is nonzero 
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implies 5piPj(f + a) — Sp.O. Similarly 'Op^p-i^ + a) — Sp.O. Having satisfied the 
hypotheses of Lemma [231 we obtain r > such that d(S'i, Sj) = d{pi,pj) > r. 

We have shown that points in set Q are pairwise greater than or equal to r apart. 
Lemma 13.21 provides universal bound Bm on the number of points in Q, and thus 
on the number of mirror circles in O. □ 

Note that the universal constant Bd obtained in the proof above is the one 
required to prove the following proposition. 

Proposition 3.4. The number of dihedral points in an 2-orbifold in 0'i;^'^{2) is 
universally bounded above. 



4. Controls on underlying space topology 

Using Perelman's Stability Theorem for Alexandrov spaces, we observe that the 
underlying space of an orbifold in O'^^'^ (n) has one of only a finite number of 
homeomorphism types. We begin by recalling Perelman's theorem, denoting the 
Gromov-Hausdorff metric by dcH- Perelman [15J originally proved this result in 
1991, but it remained in preprint form. Kapovitch 11 ultimately wrote the result 
for wider distribution. 

Theorem 4.1. Suppose X is an n- dimensional Alexandrov space with curvature 
bounded below by k. Then there exists e = e{X) > such that if Y is an n- 
dimensional Alexandrov space and dQjj{X,Y) < e, then Y is homeomorphic to 
X. 

This theorem applies in our context because an orbifold with sectional curvature 
bounded below by k is an example of an Alexandrov space with curvature bounded 
below by k. We obtain our underlying space topological finitcness result with the 
following lemma and a compactness argument. 

Lemma 4.2. The set 0^'^|, (n) is precompact relative to the Gromov-Hausdorff 
metric. Limit points of this set are Alexandrov spaces of dimension n with the 
same lower bound on curvature and upper bound on diameter. 

Proof. The precompactness result follows from Gromov's Compactness Theorem 
(Theorem 10.7.2 in [3]) and relies on the universal upper diameter bound D and the 
universal constant given in Lemma l3.2l Theorem 10.7.2 in [3] implies that the limit 
points are Alexandrov spaces with curvatures bounded below by k and diameters 
bounded above by D. By Corollary 10.10.11 in [3], the lower volume bound on 
^k^'vi^) prevents collapsing, so the dimension of any limit space is n. □ 

Proposition 4.3. The underlying space of an orbifold in 0]f'^{n) has one of only 
a finite number of homeomorphism types. 

Proof. Arguing by contradiction, we suppose that {Oi\ is an infinite sequence of 
orbifolds in Oj^^'y{n) each having an underlying space of a distinct homeomorphism 
type. Lemma 14.21 implies that this sequence has a dGjy-convergent subsequence, 
and that the limit space X is an n-dimensional Alexandrov space with curvature 
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bounded below by k. If we choose e — e{X) as in Theorem 14.11 there exists N 
such that dGH{Oi, X) < e for aU i > N. But then each Oi, with i > N, must be 
homeomorphic to X . This is a contradiction. □ 

5. FiNITENESS OF ORBIFOLD DIFFEOMORPHISM TYPES 

We use the finiteness resuhs from Propositions l3.3ll3.4l and r4.3l as well as a result 
from [TB], to prove orbifold diffeomorphism finiteness for orbifolds in £'^'^^'(2). Once 
this result is established, a brief argument shows that orbifolds in S{2, k) have only 
finitely many orbifold diffeomorphism types. 

For ease of exposition, we break Oj,'^^'(2) into four disjoint subsets following 
Theorem 13.3.6 in jl9j . In particular we write 

e)^'^;(2) = BU8UPUH 

where B are the bad orbifolds, £ the elliptic orbifolds, V the parabolic orbifolds, 
and Ti the hyperbolic orbifolds. 

Our argument begins with a lemma from which orbifold diffeomorphism finite- 
ness for non-hyperbolic 2-orbifolds follows immediately. 

Lemma 5.1. Orbifolds in 0^'^^ (2) contain points of only finitely many possible 
isotropy types. 

Proof. This follows directly from Main Theorem 1 in [TS] and Remark l2.3l □ 

Proposition 5.2. The subset BU E UV C 0^^'^{2) contains orbifolds of only 
finitely many orbifold diffeomorphism types. 

Proof. Suppose B\-\ £ \AV contains orbifolds of infinitely many orbifold diffeomor- 
phism types. By Thurston's classification of bad, elliptic and parabolic 2-orbifolds, 
this implies orbifolds in this collection contain points of arbitrarily large order 
isotropy type. This contradicts Lemma l5.ll □ 

We next consider the case of the hyperbolic orbifolds H C 0'^^"^{2). In what 
follows, we say that two reflector crowns have the same type if they have the same 
number of dihedral points and if, when listed in order, the isotropy types of the 
dihedral points in the first reflector crown match the isotropy types of the dihedral 
points in the second reflector crown, up to a cyclic permutation. 

Proposition 5.3. The subset 7i C 0[1^'^{2) contains orbifolds of only finitely many 
orbifold diffeomorpism types. 

Proof. Partition Ti so that within each partition element orbifolds have the same 
number and type of cone points, number of reflector circles, number and type of 
reflector crowns, and underlying space homeomorphism type. Together Proposi- 
tions 13. 3[ 13. 4i 14. 3i and Lemma 15.11 imply that this partition has a finite number of 
elements. 

We prove that TL contains orbifolds of only finitely many orbifold diffeomorphism 
types by showing that pairs of orbifolds within a partition element must be orbifold 
diffeomorphic. To begin, let Oi and O2 be orbifolds in the same element of the 
partition on H. Because Oi and O2 are smooth, Thurston's orbifold classification 
implies that each of these orbifolds is orbifold diffeomorphic to a quotient of the 
hyperbolic plane by the properly discontinuous action of a group of isometrics. 
Denote these quotient structures by Oi = H^/Fi and O2 = ^ /T2. 
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In [13j it is shown that because Oi and O2 have underlying spaces with the same 
genus and orientabihty, and they have matched singular data, there exists a group 
isomorphism 1^9 : Fi — > Because Fi and r2 are cocompact, an application of 
Theorem 8.16 in [12] yields a i^j-equi variant quasi-Mobius homeomorphism / from 
the boundary circle of at infinity to itself. Let / : ^ denote the Douady- 
Earle extension of / (see Section 8.4 in [H]). The properties of the Douady-Earle 
extension imply that / is a (^-equi variant diffeomorphism. 

Because the diffeomorphism / is (p-equi variant, it induces a homeomorphism h 
of the underlying spaces of Oi and O2 ■ Using the global orbifold charts on Oi and 
O2 provided by their quotient structures, the map / is precisely what is needed 
to conclude /i is a diffeomorphism of orbifolds. Therefore Oi and O2 are orbifold 
diffeomorphic. □ 

We are now in a position to prove the two Main Theorems. 

Main Theorem 2: For D > 0, v > and k fixed real numbers, let 0'^'^'^{2) denote 
the set of Riemannian 2-orbifolds with sectional curvature uniformly bounded below 
by k, diameter bounded above by D, and volume bounded below by v. The collection 
Off^"^{2) contains orbifolds of only finitely many orbifold diffeomorphism types. 

Proof. Apply Propositions 15.21 and 15.31 □ 

Main Theorem 1: For a fixed real number k, let 5(2, k) denote the set of isospec- 
tral Riemannian 2-orbifolds with sectional curvature uniformly bounded below by k. 
The collection 5(2, k) contains orbifolds of only finitely many orbifold diffeomor- 
phism types. 

Proof. By the orbifold version of Weyl's asymptotic formula [9] , we know that all 
orbifolds in 5(2, k) must have the same volume v. In addition Proposition 7.4 in 
[18] states that a collection of isospectral orbifolds, satisfying a uniform lower bound 
k(n — 1) on Ricci curvature, has a corresponding upper bound D on diameter. Thus 
5(2, k) is a subcoUection of O]: ^ (2) and we apply Main Theorem 2. □ 
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